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In order to study vertex operators for the Type IIB superstring on AdS space, we derive 
super symmetric constraint equations for the vertex operators in AdSa x S'^ backgrounds 
with Ramond-Ramond flux, using Berkovits-Vafa- Witten variables. These constraints are 
solved to compute the vertex operators and show that they satisfy the linearized D = 6, 
N = (2, 0) equations of motion for a supergravity and tensor multiplet expanded around 
the AdSs x S"^ spacetime. 



1. Introduction 

The formulation of compactified string tlieories on anti de Sitter (AdS) backgrounds is 
necessary to understand the conjectured dualities with spacetime conformal field theories 
(CFT's). Presently, calculations using the correspondence are restricted to the supergravity 
limit of the string theories. This is because of the appearance of background Ramond- 
Ramond fields in the string worldsheet action, which makes understanding the worldsheet 
CFT's difficult. 

This problem has been partly overcome in some special cases. For example, the 
Berkovits-Vafa formalism for supersymmetric quantization on R^ x M (where M is K3 or 
T^) |jl|J^,0] uses the following worldsheet fields. In addition to bosonic fields 0:^(2;,^) that 
contain both left- and right- moving modes, there are left- moving fermi fields 91{z),p1{z) 
of spins and 1, together with ghosts aL{z), pl{z), and right-moving counterparts of all 
these left-moving fields. The virtue of this formalism is that Ramond-Ramond background 
fields can be incorporated without adding spin fields to the worldsheet action. In the 
AdSs X S'^ case, after adding those backgrounds it becomes convenient to integrate 
out the p's, giving a model in which the fields are x^, 6*", 6 (all now with both left- and 
right-moving components) as well as the ghosts, x^, 6°", and 6 can be combined together 
as coordinates on a supergroup manifold PS't/(2|2).a The model is thus a sigma model 
with that supergroup as a target, coupled also to the ghosts p and a. The spacetime 
supersymmetry group is PSU(2\2) x PSU{2\2), acting by left and right multiplication on 
the PSU{2\2) manifold, that is, by (7 ^ agb~^ where g is a P5't/(2|2)-valued field (which 
combines x, 6*, and 6*), and a, 6 G PSU {2\2) are the symmetry group elements. 

Thus one arrives at a sigma model with conventional local interactions (no spin 
fields in the Lagrangian) that gives a conformal field theory description of strings propa- 
gating on AdSs X S"^, with manifest spacetime supersymmetry. This gives a framework 
for studying the type IIB superstring on AdSs x S'^ x M, and the model can in principle 
be used to go beyond the supergravity approximation and compute the a' expansion of 
correlation functions. 

In this paper, we analyze the vertex operators for this model for the massless states 
that are independent of the details of the compactification (including the supergravity 
multiplet). We work to leading order in a' , but because of the high degree of symmetry 



PSU{2\2) is the projectivization of SU{2\2), obtained by dividing by its center, which is 
[/(I). PSU{2\2) has been called SU'{2\2) in [|. 
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of the model, it seems very likely that the result is exact. Concretely, we look for vertex 
operators that are constructed from a function of the group-valued fields g together with 
the ghosts p, a (but with no dependence on derivatives of the fields). The motivation for 
this assumption is that it holds in the flat case, according to m. 

The discussion is organized as follows. In sect. 2, we write the string constraints 
and find an explicit description of the action of the PSU{2\2)'^ generators on the vertex 
operators. We construct the constraint equations for the vertex operators in terms of these 
charges, by requiring the equations to be a smooth deformation of the known fiat space 
case and to be invariant under the AdS supersymmetry transformations. In sect. 3, we 
discuss how the gauge transformations of the vertex operator equations distinguish the 
physical degrees of freedom. In sect. 4 we evaluate the constraints, using the differential 
geometry of the group manifold. In sect. 5, we compute the linearized AdS supergravity 
equations and match the vertex operator field components to the supergravity fields of 
general relativity. 



2. String Constraints 

Preliminaries on PSU{2\2) 

The bosonic part of the Lie algebra of PSU{2\2) is the SU{2) x SU{2) or ^(9(4) Lie 
algebra. □ The generators t""^ = —t^"" of SU{2) x SU{2) transform as an antisymmetric 
rank two tensor of SU{2) x SU{2) = SO{4). (Here a,b = 1, ... ,4 are vector indices of 
5*0(4).) The fermionic generators e" and /" transform as vectors of 5*0(4). The Lie 
superalgebra takes the form 

[tabi ted] = Sac tbd + ^hd tac — ^ad he — ^hc tad 
[tab^ /c] — ^acfb — ^bcfa , [tab, <^c] = ^ac^b — ^bc^a , {^a, fb} = 2^abcdt'^ (2.1) 

{Ca^eb} = {fajb} = 0. 

On the PSU{2\2) manifold, we introduce bosonic and fermionic coordinates x^, p = 
1 ... 6 and O"', 6 , a = 1 ... 4. We write a generic PSU{2\2) element as 

^ = exp(r/„)/iexp(/e^), (2.2) 

with h G SU{2) X SU{2). When we want an explicit parametrization for h, we write 

/i = exp(iaP"%ted), (2.3) 

where the a^^*^ are described in appendix A. The idea here is that in the almost fiat limit 
in which AdSs x S'^ reduces to Minkowski space R^, the x^ become standard Minkowski 
coordinates. In this limit, the SU{2) x SU{2) is extended to 5*0(6) = SU{A), with the p 
index of x^ transforming as a vector of 5*0(6), and indices a, 6, c transforming as a positive 
chirality spinor of 5*0(6) (a, 6, c transform as an 5*0(6) spinor of the same chirality since 
we compactify the Type IIB superstring on AdSs x S'^ x M). We will write £*„, Fa, and 
Kab for the operators that represent the left action of e^, /„, and tab on g. Very concretely, 
in the above coordinates, 

J^ab = —^a^7:T: + (^b-fT^Z + thab 



d . , d (2-4) 



En — TT Cfi hrd ^ \t T — ^ ,„ ) ~\' h ■, — 
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For AdSa x S^, we really want the real form to be SU{2) x S'L(2,R), but for our formal 
discussion we will just take the real form to be SU{2) x SU{2). 



These formulas are found by asking for FaQ = fad, EaQ = CaQ, KabQ = —tab9- Also, we 
have introduced an operator t^ that generates the left action of SU{2) x SU{2) on h alone, 
without acting on the ^'s. We will also use an analogous Ir that acts on h alone, on the 
right. Explicitly 

tLabQ = e'^f^ (-U)/i(x)e^"^^, tj^-j;g = e'^^^ /i(x) t-^e^"^^ (2.5) 

where 

g = g{x,e,e) = e^'^f^ e^"'"^^''^^^'' e^'^''- = e^'^f^ h{x) e^'^^- (2.6) 

In other words, in the parametrization of PSU {2\2) in terms of h, 9, and ^, II and tn 
generate the left and right SU{2) x SU{2) action on h, leaving 6 and 6 fixed. 

The use of barred and unbarred indices in the above formulas is to be understood as 
follows. Like any group manifold, the SO{A) manifold admits a left-invariant vielbein and 
also a right-invariant vielbein. If we write m, n,p for a tangent space index. A, B, C for a 
local Lorentz index in the right-invariant vielbein, and A, B, C for a local Lorentz index in 
the left-invariant vielbein, then one might write the right- and left-invariant vielbeins as 
e^ and e^, respectively. However, because at every point on the 5'0(4) manifold, there is 
a distinguished SO{4) subgroup of the tangent space group SO{6) (namely the subgroup 
that leaves fixed the given point), we use an SO [4) notation: we write a single local Lorentz 
index A in the vector of SO{6) (or second rank antisymmetric tensor of 50(4)) as ab (with 
antisymmetry in a and b understood). Likewise, A is replaced by ab. The right- and left- 
invariant vielbeins are then written as —cr!^ and a!^, respectively. SO{4) indices can be 
raised or lowered as always with the invariant metric tensor 6 at of SO (4). In short, indices 
a, 6, c are local Lorentz indices for the right-invariant framing transforming as spinors of 
50(6), or vectors of 5*0(4); and a, 6, c are the same for the left-invariant framing. In ( |2.4|) , 
h^j^ is the 50(4) group element in the vector representation. It carries one index of each 
kind. It is orthogonal - that is, haa = h^^ ^ ^^^ ^^ acted on very simply by t^ and t/j: 

h^^tf hz^ = -6"^ di + d'"^ 61 , hzl tf /i"^ = -5| 5^ + 6^6^'^ . (2.7) 

We call the generators of the right action of PSU {2\2) on itself K-j^, Ea, and Fa- Just 
as above, we compute 

— d -— a ^ a ^ 

de de de .^g) 

Fa = ^e-r--,ti-t§ + e^S ) + hZ,^4- 

2 abed y R ^Q_l ab ^Q^ 



from 

Fag = gfa, Eag = gea, K--^g = gt--^. (2.9) 

Indices with bars are related to those without bars through the SO (4) group element haa 
by 

Ga = h~'Gj;, Ga = hz^'Gb = h%Gb. (2.10) 

One of the most important objects in PSU{2\2) group theory is the quadratic Casimir 
operator /„€„ + \^abcdt°''^t'^'^ ■ As an operator on the PSU{2\2) manifold, the quadratic 
Casimir is a second order differential operator (since the group generators are first order 
operators); we will call it the Laplacian. The Laplacian can be written in terms of either 
left or right generators as 

Fa Ea + leaBcd K'^' K^'' = FaEa + le^^^^^""' K'^'' 

d d cl d -T - (2.11) 

In verifying these formulas, one uses the fact that the 5*0(4) Laplacian can similarly 
be written in terms of left or right generators: \<^ahcdt'L ^'l ~ k^abcd^R ^R- ^^ follows 
from the action of the generators given in ( |27^ ) that Fa, Ea, K--^ also obey the PSU{2\2) 
commutation relations and that the Laplacian ( |2.11| ) commutes with the group generators 

(El)' (ED- 

We recall finally that PSU{2\2) has an SL{2, R) group of outer automorphisms with 
E, F transforming as a doublet. In particular, the substitution 

f'^ = E^, e'^=-F^, k'^-^ = K^-, (2.12) 

leaves the Laplacian and the commutation relations invariant. 

Form Of Vertex Operators 

We now want to construct the vertex operators for the supergravity multiplet. In 
this, we are guided by comparison with the fiat space case |I|,^. In the fiat case, the 
supergravity vertex operators are constructed by acting with some A^ = 4 generators on 
a spin zero field V{x, 9,9; p + ia,p + ia) that is a function of these fields but not their 
derivatives. V also obeys certain additional constraints. 

The spin zero property is ensured by having V annihilated by the Laplacian d^dp. 
The Laplacian is a second order differential operator that is invariant under the Poincare 



symmetries. The analogous invariant second order operator on the PSU{2\2) manifold is 
the quadratic Casimir operator that was introduced above. 

The ghost fields p and a enter only in the combinations p + ia and its barred counter- 
part because these combinations have zero background charge and so do not contribute to 
the dimension of the operator. Also, these are the combinations that remain holomorphic 
after perturbing to AdSa x S'^ as in Q. 

Finally, the constraint equations in the fiat space case, as presented in |1|,Q , are written 
in terms of 9"^ = a^'^^d/dx^ and Va = d/dO"". In the curved case, 9"^ is deformed to K"-^ 
and Va is interpreted as Fa- To the fiat space constraint equations, we find that we have 
to add lower order terms to achieve PSU {2\2) invariance. 

The expansion of the vertex operator in terms of the ghost fields is 

oo 

V= Y, e"^(*"+^)+"(*^+^)Kn,^(x,6',^). (2.13) 

Tn,n= — oo 

In fiat space, the constraints from the left and right-moving worldsheet super Virasoro 
algebras are from g]: 

(V)Vi,^ = V„V6C>»Vl,n = 
y^,,d ^^ ^^ ^^y^^^ ^ _^y^ gaby^^^ ^2.14) 

Va Vb Vo,n - \tahcd d^'' F-l.n = , Va F_i,^ = ; 

V^K,1 = VaV^rV^,! = 

ie^^^V^V^V^K,! = -^V^rV.,0 (2.15) 

VaV^K.o - h\i^-ad^' K,-i = , V^K,-i = 

d^dpVm^n = (2.16) 

for -1 < m,n < 1, with the notation Va = d/dO", Va = d/dT, d"^ = -a'P"'^ dp. In 
fiat space, these equations were derived by requiring the vertex operators to satisfy the 
physical state conditions 

Q-V = G7,V = GqV = GoV = ToV = TqV = 0, 
JoF = JqV = , G+G+V = GqGq V ^0 

where T^, G^, G*^, Jm Jn ^^^ corresponding barred generators are the left and right 
A^ = 4 worldsheet superconformal generators present in the Berkovits-Vafa quantization of 
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the type II superstring [jT|,|^,3. The conditions (|2.17D further implied Kn,n = for m > 1 



orn>lorTO<lorn<l, leaving nine non-zero components. 
In curved space, we modify these equations as follows: 

l^abcdp^p^p^y^^^ = -zFbi^«Vo,„ + 2tF''Vo,n " ^^"1^-1,. (2.18) 

F\n,i = F^F^Z"V„,i = 

ie^'^^^F^F^F^K,! = -iF^lf'v^^o + 2^^ K,o - ^^X,-! (2-19) 

F^F^V^,o - 1%,^^"' K,-i = , F^K,-i = 0. 

There is also a spin zero condition constructed from the Laplacian: 

{FaEa+ \eabcd K'^' K^'' ) K,m = {F^Ea + ^e-j;--^K^' K^^ ) V^,m = . (2.20) 



Equations ( p.l8|) - (|2.20|) have been derived by deforming the corresponding equations for 



the flat case, which were presented above, by requiring invariance under the PSU {2\2) 
transformations that we will present momentarily. For example, in the second equation in 
( ^.18| ), the terms on the right hand side that are linear in PSU {2\2) generators are curvature 
corrections to the flat equations, while the quadratic and cubic terms are present in the 
flat case. 

The above constraint equations are invariant under the action of PSU {2\2) x 
PSU {2\2), but there is a subtlety in how PSU {2\2) acts. The subtlety comes from the 
unusual form of the PSU {2\2) x PSU {2\2) currents found in [^ (and ultimately from the 
unusual form of half of the supercharges even in the flat case in this formalism [|I| ) . While 
F and K have natural definitions in [^, and act by the obvious left multiplication on g 
while leaving invariant the ghosts, this is not true for E. Rather, E has a term that acts 
naturally on g, plus corrections that are proportional to e~^~'^'^ times F. 

We have found that the following transformations generate a PSU{2\2) action on the 
y's that commutes with the constraint equations in ( |2.18| )- ( |2.2UD : 



(2.21) 



(In a hopefully obvious notation, we write A^t for the variation of the vertex operator 
generated by tab and A^ for the variations generated by €„ and fa-) These formulas 
are the standard PSU {2\2) generators on the Vm,n, except that to E we have added a 
multiple of F times a "raising" operator on the m index. This is suggested by the form 
of the supercharges g^ in 0]. The constraint equations in ( p.l8|) - (|2.20|) were determined 
by being invariant under the deformed PSU{2\2) generators. This uniquely fixed all the 
"lower order terms" that were not present in the fiat case. It would be desireable to 
derive ( |2.18| )-( pT20| ) directly by constructing the constraint operators and their action on 
vertex functions exactly, or at least perturbatively in a' . However, the uniqueness gives us 
confidence in the formulas. 



3. Gauge Transformations 

The constraint equations for the vertex operators are also invariant under gauge trans- 
formations. We use these to identify the physical degrees of freedom of the vertex operator 
( p.l3|) as follows. Useful gauge symmetries of the fiat space equations are 



5V = G+A + G+A + GoA + Go A, 5V = G+GoG+Gon (3.1) 

with (sum on n = —1, 0, 1) 

A = e^'^+2p+"(^^+p) A„(a;, 9,9), A = e^+^P+'^^'^+P^ A„(x, 9,9) 
A = e-p-'^^+<'^+P^ ~Xnix,9,9) , A = e-P-''^^+''^'''+P^Jrr{x,9,9) 

where the gauge parameters A, A are annihilated by Gq Gq , the gauge parameters A, A 
are annihilated by GqGq, all A, A, A, A are annihilated hyTo,TQ,GQ ,Gq ,Gq ,Gq , and 
O is annihilated by To,Tq. The currents e~*^'=, e~*^'= are related to the A^ = 4 currents 
J~ {z) = Q-p-'^" Q-'^Hc ^ J ^-^ _ ^-'p-icT ^-iH c ^ Since fermionic conformal fields do not 

commute, i.e. e*"^*-^-* e''*-^-* ~ — e'^'-^-* e^"^^', the notation is defined as e^^^P = e*'^ e^, etc. 

Using the transformations (|3.1|) one can gauge fix to zero the vertex operators 
V_i^i, Vi^_i, Vo,-i, ^-1,0, ^-1,-1, and therefore they do not correspond to propagating de- 
grees of freedom. Furthermore this gauge symmetry can be used both to set to zero the 
components of Vi,i with no 6''s or no 6''s, and to gauge fix all components of Vo,i, Vi^o, Vo,o 



that are independent of those of Vi^i. The physical degrees of freedom are thus described 
by a superfield Q 



+ d'^d'^fe cj^,cj^{g^^ + 6^. + ^_</>) + r (^')^A-+^ + {e'')afAl- " (3.2) 

+ Q'^Q''{d\aZ^J + {e^'Wfol^xl: + (^^)a(^')7rF++"^ . 



This has the field content of D = 6, A^ = (2, 0) supergravity with one supergravity and one 
tensor multiplet [||. As explained in Q, in flat space, the surviving constraint equations 
in the set ( |2.14 )-( p.l6 ) imply that the component fields $ are all on shell massless fields, 



t6 



that is X]m=i d^dm^ = and in addition 



(3.3) 



daBxi' = QatxS = , ac,F±±^^ = a-^F±±^« = , 
where 

-p-\ — da pMb \-\ — a rp — \-aa ':\ab A — ha Tp a,a QabaafoTA 

b ' ' (,^ 

-a ^ Qi^bc- y-a ^ d^1~T 

Am ^ ^rah ' Am ^ Smfe • 

The equations of motion ( |3.3| ) for the flat space vertex operator component fields describe 
D = 6, A^ = (2, 0) supergravity expanded around the six-dimensional Minkowski metric. 

In AdSa x S"^ space there are corresponding gauge transformations which reduce the 
number of degrees of freedom to those in (|3.2| ) , but the Laplacian must be replaced by the 
AdS Laplacian, and the constraints are likewise deformed. In section 4, we focus on the 
vertex operator V\\ that carries the physical degrees of freedom. We derive the conditions 
on its field components that follow from the AdS vertex operator constraint equations 
( p.l8|) - (|2.20 ), and give their residual gauge invar iances explicitly In section 5, we show 



these conditions are equivalent to the L> = 6, A^ = (2, 0) linearized supergravity equations 
expanded around the AdSa x S"^ metric. 

4. String Equations for AdS Vertex Operator Field Components 



Acting on the superfield in ( |3.2| ), the AdS supersymmetric constraints (2.18) - ( |2.2U| ) 
imply 



-afo. 



F„ F, i^^'^Vi,! = , F^F^i^" Vi,i = (4.1) 
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-rrrab ^ ^-^a 



{FaEa+ leaked K'^' K^'' ) ^1,1 = { F^ E^ + |e-^-^ K" K^" ) ^1,1 = . (4-2) 

For the bosonic field components of tlie vertex operators, tlie zero Laplacian condition 
( ^72|) requires tliat 

□ h% V-- = -4 a2 <. S"^ h\ Gmn (4.3) 

Uh%h\aZ'j''ghGmn = leabceefghkS^'^hf-h'- F++-^ (4.4) 

n/iJ^F++"» = o, n/i/A-+3 = o, n/i^-A+-" = o (4.5) 

and ( ^TT| ) results in 

e,acdtth\A+-'^ = 0, e^^,^tf /i„^Az+^ = (4.6) 

eeacdtthCF++-^ = 0, e_^_^tf /i"-F++^'^ = (4.7) 

tf h% h\ a2 <, G^. = , tf h] h,^ a-^ a^^ G^. = . (4.8) 

We liave used ( p.lO| ) to relate barred and unbarred indices. We liave expanded Gmn = 
9mn + bmn + 9mn(P- Tfie ^0(4) Lapkciau is n = yabcdtftl^ = Je-^-^tf tf . From 
identities sucfi as ^edeab ( tl^tf + tf tf) = -\5l tabfg tf t{^ we find (gj) follows from 



In order to compare this with supergravity, we want to reexpress the above formulas 
in terms of covariant derivatives Dp on the group manifold. We will, however, write 
everything in terms of right- or left-invariant vielbeins described in section 2 and appendix 
B. So we write 

r^d ^ _^p cd ^^ ^ j-cd _ ^pcd ^^ _ ^49) 

We also have corresponding objects t^^ = —a^^'^D' t^ = a^^'^D'' where (in contrast 
to Dp which is the covariant derivative with the Levi-Civita connection) D' and D" are 
covariant derivatives defined such that right- or left-invariant vector fields are covariantly 
constant. Acting on a function, Tl = ^l and Tr = t/j, since both just act geometrically. 
But they differ in acting on fields that carry spinor or vector indices. For example, on 
spinor indices, 

tf y^ = ri^ Ve + \dl d^^V^ - \dl 5"^K (4.10) 

so that the invariant derivatives on the SO{4) group manifold satisfy 

tta:fUx)^Tl''a:fUx) + i/,f'^'<,/n(a:) 

tfa-jUx) ^ Tfa-jUx) - ir^^^-cTj^^(x) ^^'^^^ 

10 



where the SO (4) structure constants from (|2.1| ) are 

.ghcd ^ ^^gc^h^d _ ^gd^h^c _ ^hc^gjd ^ s^'^Sm 

(4.12) 

-(e-/)]. 

These definitions of the invariant derivatives are, for example, compatible with 

leaBodtftl^ a:fUx) = |e^^,^tf tf ^:f fn{x). (4.13) 

For a more detailed discussion, see appendix B. 
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4.1. Gauge Conditions 

We show that the constraints on the vertex operators ( [4.3| )- (|4.8| ) are identical to those 
of AdS supergravity as foUows. Using 

+ab j^g r^h _m _n /^ f+o-b U9 \uh _m _n /^ 

+ h\ {tt h\ )a2 <, Gmr. + h\ h\ {tf aZ <, G^.) 
and ( p77| ) , we find that ( |4.8D are gauge conditions on the string fields: 

DPg^, = -D,(t> - \ {a^a,a^)ab 5"' hmu = D^g^p , D^h^, = = D^hsp. (4.14) 

This is the curved space analog of the flat space conditions d^gps = —ds4> , d^bps = 0. The 

string equations ( |4.3| )-( ^^ ) are invariant under the residual gauge transformations which 

transform Gmn- 

Agps=^iDp^s + Ds^p), 

Abps = l{Dpr]s - DsTip) + |(ap(Tsag)ab5"^^'^ , 

A(/) =0, 

^Kg~ = \^abcd tlAg+ 2 V^abcd^fl K 

where the gauge parameters ^^,5 Vm satisfy 

D^DpU + {aPama'')abS'''Dpr]rr + Rmp^ = , 

DPDpij^ + {aPa^a^)abS'''Dp^^ + R^pr)^ = , 



(4.15) 



V~~ transforms with gauge parameters 



DA''^ = 4h''a^_{U + rim) , DA^ = -^h^'cr^ [U - Vm) 

3 



and the AdSs x S Ricci tensor R^-p is 

R^^ = -la^^af6acSbd. (4.16) 

The other string fields are invariant. There are additional independent gauge symmetries 
which transform A^~ , A~~^^, but leave invariant F~^ "^, F '""^ defined in section 4.3. For 
AdSs X S"^ we can write the Riemann tensor and the metric tensor as 

J^mnpT ^ 4 \ Qmr^np \ dnp-'^rnr dnr^rnp Qrap^nT ) 

(4.17) 

ymn 2 rn '^ri ab • 

12 



4-2. Metric, Dilaton, and Two-form 

We find from the string constraint ( [4 .41) that the six-dimensional metric field Qrs, the 
dilaton (/>, and the two-form hrs satisfy 



^DPDpbrs = - U^rcrPa'^)abS''''Dp [g,s + 9,s<P] + ^(a,aPa'?)„b5"''Dp [g^r + g^A] 



-I^TrsX^ r, -rt„ Ufs 'y-'^s ^ti 



2 r- 






(4.18) 






-L lp++9h ^ xab 

'^ 4 sym ^rga^snb" 



-,Rr i9TS + 9r, 



^R^ {grr + 9rr(t>) 



(4.19) 



This is the curved space version of the fiat space zero Laplacian condition d^dpb. 



pWj-g 



dPdpgrs = dPdpCJ) = from (Q 



4-3. Self-Dual Tensors and Scalar s 

Four self-dual tensor and scalar pairs come from the string bispinor 

F++"^ V~^^~, , A+"", A-+^. From (|3), we have 



^L^P^at;"' = 



From (|4.3| ), we find 



1 BH 



cd asy 



InPn V — - -S^^rr^ n V — 4- -S^^rr^ D V — A- -e ^h y-- 

^U Up V^^ 2" "ch^P ^gd ^ 2" ^dh^P ^cg ^ 4:^cd ^ gh 



fields 

(4.20) 
(4.21) 

(4.22) 



The string constraints ([4.6| ) can be written as 



^eacd ^L "'b 

e 



^cd .a p+-ab ^ Q 



eacdtl^ K- F-+-' ^ , 



ebcd a a 
ebcd ti a 



(4.23) 



where 



Tp-\ — aa —- sab a-\ — a , .ab /\-\ — a 
rp — l-aa -- sab \ — Va i i_ab \ — Va 



which is similar to the form of (|4.7|) , so F+ "^ and F +"^ also satisfy equations of the 
form (^:2q),(^:2T|). 



13 



4.4- Gravitinos and Spinors 

Independent conditions on the fermion fields from ([4.1j ), ([4.2|) are 






□ h% ^2 Tm, = -^Th ^eda, h\ 5^" X^ 

t£'h%,a2Tmg =0, t|^/i>-^^-- = (4.24) 

5. D = 6, N = (2, 0) Supergravity on AdSs x S^ 

In this section we show that the string constraints described in section 5, which were 
derived from the AdSs x S'^ supersymmetric vertex operator equations ( |2.1^ )-( p.2U| ), are 
equivalent to the supergravity equations for the supergravity multiplet and one tensor 
multiplet of D = 6, A^ = (2, 0) supergravity expanded around the AdSs x S"^ metric and 
a self-dual three-form. We give the identification of the string vertex operator components 
in terms of the supergravity fields. 

In flat space, the vertex operator field components can be described by representations 
of the D = 6 little group S'0(4). The supergravity multiplet is (3, 3) -|- 5(3, 1) -1-4(3, 2) and 
the tensor multiplet is (1, 3) -f 5(1, 1) + 4(1, 2). Here (3, 3) is the graviton field gmm the 
oscillation around the flat metric; the two-form bmn has S0(4) spin content (1, 3) + (3, 1); 
and the dilaton cp is (1,1). The bispinor fields F++"'', V^~ , A'^ ", A~~^^ represent four 
self-dual tensors (3, 1) and four scalars (1, 1). The four gravitinos 4(3,2) and four spinors 
4(1, 2) are labelled by x;t^", Xm", ^^a^ Ima- 

In AdSa x S^ space, the number of physical degrees of freedom in the vertex operator 
( p.l3|) remains the same as in the flat case, but the field gmn is now related to the oscillation 
around the AdSa x S^ metric. For this metric to be a solution of the supergravity equations 
, there must be also either a non- vanishing (real) self-dual tensor field or a non- vanishing 
(real) anti-self-dual tensor field. Expanding around this classical solution, we will find that 
we need to choose one of the real self- dual tensor fields to be non- vanishing at zeroeth order, 
to be able to identify these linearized supergravity equations with the constraints of the 
string model. 

We will see that the two-form bmn is a linear combination of all the oscillations cor- 
responding to the five self-dual tensor fields and the anti-self-dual tensor field, including 
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the oscillation with non-vanishing background. In flat space, bmn corresponds to a state 
in the Neveu-Schwarz sector. In our curved space case, the string model describes vertex 
operators for AdSa background with Ramond-Ramond flux. When matching the vertex 
operator component fields with the supergravity oscillations, we find that not only the 
bispinor V^~ (which is a Ramond-Ramond field in the flat space case), but also the tensor 
bmn include supergravity oscillations with non-vanishing self-dual background. We use the 
Romans' variables to describe the AdS supergravity equations, where the three-form 
fleld strengths are labelled by one anti-self-dual K^np and flve self-dual -ff^^p flelds. Our 
procedure will be to start in this section with the supergravity equations, and rewrite them 
as equations for the fleld combinations that occur in the string theory vertex operators. We 
then show that these equations are equivalent to the string constraint equations (|4.3|) -( ^y8| ). 
We list the fleld identiflcations at the end of this section. 
In the bosonic sector, the supergravity equations are 

W —-P qrs TTi jy- — _l p Qrs t^ (^^\ 

where Cmnpqrs = -^ 9mm' ■ . . ^ss'c""'"'^''^''''''' for a metric g, and e'^^^'^^^ = 1, 1 < z < 5. 

The string vertex operator components are related to the supergravity fluctuations 

2 . 1 

around the AdSs x S"^ metric Qmn and the three-form fleld strength H^^^ = S'^^H^^^, 



where H^^^ = i {crmCi'pO'q)abS°'^j and g^n is given in ( [4.17| ). As in 0, we can parametrize 
these fluctuations as 

9mn = 9mn ' '^mn i ^mpq ~ ^ mpq ' 9mpq i J^mpq = 9mpq ' ^ mpq'P K'^-'^) 

where we label the scalar fluctuations by (p^ since they have vanishing background. The 
anti-self-dual tensor Kmpq also has vanishing background, but is parametrized as above so 
that the fluctuations gl^pq and g^pq are exact three-forms ^j. 
The linearized supergravity equations are given by 

DPDp<p^ = m^^g<'P^^ (5.3) 

r iJspq s iJrpq "i" ' rp stq 

(5.4) 
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+ B^ [-X """Dp h,, + :&: ""Dp h^r + KsD^K, - \Hl^D,h%] 

where we have defined Hprs = Qprs + -^* fi'prs ^s a combination of the supergravity exact 
forms g^ = db^,g^ = (i6*, since we wiU equate this with the string field strength H = db. 
For the moment we let B^ be arbitrary constants. In zeroeth order, the equations are 



RrS ^ H rr.n H 



■I pq 
rpq 



( p.5| ) follows from the first order linearized duality equations 

-p '^^^ n^ = n^ Ich^'H^ 

Qrnnp jgrs ymnp r ■'■■'' mnp 

1 p qrs i ^ i .jf" uq _Jf' hi _lj'- hi I llf h 1 

Q^mnp Hqrs Hmnp ' mpq n npq '"m mnq p ' 2 iTnnp^q 



(5.6) 



with e^ripqrs = -j^ 9 mm' ■ • ■ fi'ss'^""'"'^''^''''''' • We uote that the fiuctuations g^np^ 9lnnp 
although exact, do not have definite duality due the presence of the metric. 

To equate the supergravity equations (15.3|) - (|5.5|) with the string constraints of section 
4, we remember that the constraints hold for the string field combination Gmn = gmn + 
bm,n + 9m.n'^- To put (|5.5|) and (|5.4| ) in a similar form, and using Hprs = dpbrs + drbsp + 



dsbpr, we rewrite them as 



\D^ Dpbrs = - nlrs D^c/)^ - hI "" l^B^ Dp h,s] + h] "' i^B' Dp h,r] 

+ \B^ [Hls'DPhp^ - ^HlfD.hPp] + Rrrsx b^^ - \X Ks - IX br 

+ hDrDn^s + hDsDPbr 



\DPDp hrs =~Hy [^ Dpb.s] + H] "' [^ Dpbrq 



(5.7) 



_T7lP'?J_r_6 _ r/„/ 1 _77^ p^ J_r_o^ -B^n^ 1 

-'^ r Rl I- 9spq ^ 9spq\ ^^ s Rl I- 9 rpq ^ 9rpq\ 

+ 2/lP* hIp" H],^ + RrrsX h^^ - IX Ks - \RI Kr ^^'^^ 

+ \DrDPhps + \DsDPhrp - \DsDrhl 

T^ T7I P9 1 7 7-1 T7I PI ^ 1 

-J^r^s '^"Pl ~^siir -^"Pq 

where 2 < / < 5. 

The string graviton field grs is chosen to be traceless and can be written in terms of 
the supergravity fields as 

grs = Ks - I'grs h\- (5.9) 
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Using (|5.9|) and the gauge conditions ( [4.14|) , we find (|5.7|), (|5.8D to be 



— Rrrsxb^ — 2-^r ^ts ^ 2-^s ^rr (5.10) 

+ h'dp[-cP' -30], 



^DPDp ( grs + 9rs(l> ) =~Hy Dph.s + h] "" D^K^ 



+ 2{gP' + gP'<P)Hl;Hl^ 

+ RrrsX ( 9^^ + r V ) - ^Rr ( 9rs + 9rs<P ) " ^RJ ( 9rr + 9rr<P ) 

-DrDs(j) -\DrDsh\ 

+ Rrs [-lh\ + (P^ +2(P] 

-g^^DPDp[^h\ -!</>! -!</>] 

+ H^ ^[B g^pg ]+ H^ ^[B g^pq ] 

(5.11) 

where we have used ( ^T3|) and let B^ = 2. Note that — ^ H^^ {(^m<^'^<^n)ah^°''^ i>mn = 

—2RTrs\ b^'^- As discussed below, we make the field identifications: 

lF++^^afatf5aJteS,f^HlsD^[-<P' -30] (5.12) 



DrD,4> - \DrD,h\ 



(5.13) 



+ Rrs [-\h\+ 4>^ +20] 

-g^^D^Dp[l^h\-\(t^^ -\4>] 

These identifications are appropriate for the following reasons. From the trace of ( p.l3| ) , 
= DP Dp [ 20 - I /i\ + |0i ], and the trace of (p|) 

DPDp[lh\ + (t)-\(t^]=Q, (5.14) 

we find 

DPDp[-(t^ -3 0] =0. (5.15) 



( ^.15|) , derived here from the supergravity equations, is also the string equation (|4.20| ) for 
-^asy""^ derived in section 4 when F^^^"-'' is defined by ( |5.12| ). 
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To make contact with the string equation ( [4 .211) for -Fgt^"^: we multiply ( 5.13 ) by 



a"" ^^ Dr.. so that 



rj 



-i^^'' ,d^'^'"'Dr[<P' + 3<i>] (5.16) 

4 ^ cd asy 



where we have used the equations of motion D^g^^^ = 0, 2 < / < 5. From (p.3|), the 
equations for the scalars are 

DPD„(h^ = , 2 < I < 5 

—1 _ (5-17) 



From ( |5.14| ),( |5.17| ) we make the field identification between the string dilaton field 4> and 
the supergravity scalars h\, (f)^: 

<^^i</>i-|/i\+CV- (5.18) 

Note that for AdSa x S"^ we have 

2( g^' + rV ) hIp' hI^ = -2RrrsX ( 9^^ + r V ) ■ (5.19) 

With these field identifications, we can combine ( |5.1Cl| ),( |5.11j ) to find from the supergravity 
that 



2-D DpGrs — — H^ Dp Gqs + H g Dp Grq 



H^ Dp Gqs + H g 



'^4 sym rga^ sno " 

which is the zero Laplacian string conditions ( [1.18| ),( ^.19 ). 



^ ^ (5.20) 



For the string constraints on V^j^ , we have from the trace of ([4.22|) 



8 R^r. ^™ = i DPDp S-'' V-^- + D^amab S'^^'S'^'' V-^- , (5.21) 

and acting on ( [4.22|) with [a'^^'^Dr — 5^*^) and using the supergravity equations ( |5.17| ) we 
find 

-9>(j^ + SCL_^^ = a'^^'^Dr, V-f -2 5'"^V-^- . (5.22) 
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Prom (^4.22| ) and the second order equation for (7* ^ which foUows from (^]^) , one can 



show that [a'^"'^ a^^'^ DmDnV , )syra involves a combination of the supergravity fields 



iq7 
cd I sym 

To summarize the vertex operator components in terms of the supergravity fields 
9lrs^ 9prs^ Ks, </>' , 1 < « < 5, (and 2 < / < 5 below): 

Hprs^ glrs + ^airs + B' Q^rs (5-23) 

grs = hrs - lOrs h\ (5.24) 

(t)=-\h\ (5.25) 

F++"' = a^«''I^p</>++ (5.26) 

which follows from choosing the graviton trace h\ to satisfy (p^ — h\ = —2C^(p^. This 
plays the role of the harmonic coordinate condition which occurs in flat space string am- 
plitudes. 

The combinations C^cf)^ and B^ g^^^ reflect the 5'0(4)r symmetry of the D = 6, N = 
(2,0) theory on AdSa x S^. We relabel C^ = C|_^, B^ = B[^. To deflne the remain- 
ing string components in terms of supergravity flelds, we consider linearly independent 

^Itlprsi 



quantities Cjcj)^, Blgi^^, £ = ++, H — , — h, 



(5.27) 



(P+- =4Cl_ (P^ 
Fs-ytr' = Ucr,ara,r' BL+ g^,, + 6^' r+ 

V~^~ is given in terms of the fourth tensor /scalar pair CL_ (f>^ , BL^gln^p through 

D'Dp V-,- - 5^^al^ D, l/"" + S^^^a^,, D, 1/^ + hot V^h' = -§ <e ^^/ 8^^ G^n ■ 

(5.28) 
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The fermion constraints in (|4.24 ) imply the hnearized AdS supergravity equations 



for the gravitinos and spinors, due to the above correspondence for the bosons and the 
supersymmetry of the two theories. 
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Appendix A. Sigma Matrices 

The sigma matrices cr"*"^ MM satisfy the algebra 



a a^^ + a a^^ = rj d^ (A.l) 

in flat space, where ry"^"^ is the six-dimensional Minkowski metric, and 1 < a < 4. Sigma 
matrices with lowered indices are deflned by a^ = ^^abcdO'^'^'^, although for other quanti- 
ties indices are raised and lowered with 5"^, so we distinguish a^^f^ from ^ac^bd.c^^^'^- The 
following identities are useful 

f^ '^cdVnin = d^da-dJ^, a a rj^n = e . (A.2) 



Also ( [A.1| ),( |A^ hold in curved space with rjmn replaced by the AdSa x S metric g 



Then ^^" = |a"^"V;^^ as in ( P^ ). 

The product of sigma matrices < Gmnp >= (o"mO"nO"p)a6 ^"^ is self-dual. Similarly 
(o"mO"nO"p)"^ Sab IS auti-self-dual. The sigma matrices cr"^"^ describe the coupling of two 4's 
to a 6 of SU{4). They are SU{4) singlets, whereas 5"^, though an SO{4) singlet, transforms 
in the symmetric second rank tensor 10 of SU{4). From the group theory properties of 
the sigma matrices, we see that < Gmnp > is a 10 of SU{4), so the product of the two 
self-dual tensors, which is a singlet of SU{4), must be zero < G"""p > < Gmnp >= 0, since 
10 X 10 = 20' + 35 + 45 does not contain a singlet. This is consistent with the general 
identities that 

when the tensors X, Y are both self-dual (or both anti-self-dual) ; and 
for A, Z of opposite duality. 
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Appendix B. Covariant Derivatives on a Group Manifold 

On a group manifold, there is always a right-invariant vielbein and a left-invariant 
vielbein; for the SO (4) case, we write them as 

and 

respectively. The vielbein obeys 

^mab ^cd ^abcd „mab „ncd ^ a -rmn r-r> oN 

^ ^m = f 5 ^ ^ ^abcd = ^9 ■ lo-oj 

Using the right-invariant vielbein, the covariant derivative on the group manifold can 
be conveniently written 

DmVgH = draVgH " \ f gH '\f ^t Kd (B.4) 

for Vgh antisymmetric in g,h. Here by / we mean the structure constants /^^, with A, S, 
and C being Lie algebra indices, but for the group 5'0(4), the Lie algebra is the second 
rank antisymmetric tensor representation, and we write a Lie algebra index as a pair ah 
with antisymmetry understood. It is convenient to refer the covariant derivative to the 
right-invariant vielbein, defining T^^ = e'^^'^D^^. Similarly, we define T^^ = e^'^'^D^m 
using the left-invariant vielbein. 

It is also convenient to let II be a covariant derivative that is defined by using the 
right-invariant vielbein and setting the spin connection to zero; likewise, Ir is a covariant 
derivative defined using the left-invariant vielbein and setting the spin connection to zero. 
Thus, II and Ir are the covariant derivatives defined using the right- and left-invariant 
framings of the group manifold. 

From the above formulas, one can deduce the relation between II and T^. On a Lie 
algebra valued field Vgh (= —Vhg) we have 

tt VgH = T£' VgH + Ifgli'^'V^d . (B.5) 

From this, we can deduce that on a spinor field the relation is 

tfVg = Tt Vg + \6l d^^V, - \6l b'^^V, (B.6) 

and on a field with two pairs of anti-symmetric indices it is 

tL Vgh jk = Jl Vgh jk + 2Jgh ^cd jk + 2 /jfc Vgh cd ■ (O- () 

The above formulas have obvious counterparts for tn and Tr. 

It is convenient, as in the case of the sigma matrices, to raise and lower the index 
pairs on the structure constants with Cabcd^ so \<^abeff„^h°'^ = fqh'^'^ef- Otherwise indices 
are raised and lowered with 5"^. 
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